In this paper, we study the relationships between regular A-optimal spring balance weighing designs and regular A-optimal chemical balance weighing designs. We give the basic relation between these designs in the case where the errors are uncorrelated and they have different variances. We give some examples of methods of construction of such designs.
Introduction
The formulation of a standard weighing design problem requires some objects with unknown weights and a weight measuring device, popularly known as a balance. There are two types of balances in use. In a chemical balance, there are two pans and the objects can be placed in either pan. Then standard weights are used to attain balance. In a spring balance, any number of objects can be placed on the pan. Then the pointer provides a reading which represents the total weight of objects in the pan. Suppose specifically that there are p objects of unknown true weights 
and the covariance matrix of ŵ is
Some problems related to the weighing designs have appeared in the literature; see Raghavarao (1971) , Banerjee (1975) , Shah and Sinha (1989) .
The optimality problem is concerned with efficient estimation in some sense by a proper choice of the design matrix X among many designs at our disposal.
Considerations relating to determination of the optimal design appear in many publications, including Jacroux and Notz (1983) , Kageyama and Saha (1983) , Pukelsheim (1983) , Abrego et al. (2003) , Chadjiconstantinidis and Chadjipadelis (1994) , and Neubauer and Pace (2010) .
In many problems, the an A-optimal design is considered. For a given covariance matrix of errors G 2  , the A-optimal design is the design X for which the sum of variances of estimators of unknown parameters, i.e.
, is minimal. Moreover, a design for which the sum of variances of estimators for parameters attains the lowest bound is called a regular A-optimal design. The important point to note here is that in the set of design matrices X , a regular A-optimal design may not exist, whereas an A-optimal design always exists. The concept of the A-optimality has been discussed in the literature. The best general references are Jacroux and Notz (1983) , Ceranka and Katulska (2001) , Ceranka and Graczyk (2004) , Ceranka et al. (2006 Ceranka et al. ( , 2007 , Masaro and Wong (2008) , and Graczyk (2011 Graczyk ( , 2012a .
For each structure of the covariance matrix of errors G, we have to determine special conditions determining the optimal design and corresponding methods of construction. In the present paper we consider a special case of weighing designs: a design for which the matrix of errors is diagonal. In the remainder of the paper we shall consider G to be an n n  positive definite diagonal matrix.
B. Ceranka, M. Graczyk 130 Ceranka and Katulska (2001) showed that for any nonsingular chemical balance weighing design X with the covariance matrix
In the special case of a spring balance weighing design where bias is present, it can be assumed to be one object, and its value is estimated by taking the column of the elements 1 in X corresponding to the bias, i.e.
where n 1 is the 1  n column vector of ones. Graczyk (2011) showed that for a biased spring balance weighing design X with the covariance matrix
2. Regular A-optimal weighing designs Definition 2.1. Any nonsingular chemical balance weighing design X with the covariance matrix of errors 
The basic ideas and elementary properties of weighing designs are presented, for instance, in Jacroux and Notz (1983) , Kageyama and Saha (1983) , Ceranka and Katulska (2001) and Graczyk (2011) . The following 
The above result was originally proved by Ceranka and Katulska in 2001.
For the case of a biased spring balance weighing design X we have the following result.
Theorem 2.2. Any nonsingular design matrix
X of the form (6) Proof. We begin by considering X in (6).
X is the matrix of a regular A-optimal biased spring balance weighing design with the covariance matrix
and we obtain
From the above assumption it follows that condition (10) is satisfied. It is necessary to note that
Consequently, * X is the matrix of a regular A-optimal chemical balance weighing design with the covariance matrix 
Furthermore, it follows that X of the form (6) is the matrix of a regular A-optimal biased spring balance weighing design with the covariance matrix 
Examples
Using the results obtained so far, the following examples of weighing designs can be established. Let us consider an experiment in which we estimate unknown measurements of 6  p objects in 11  n measurement operations.
We work under the assumption that for the covariance matrix of errors Thus we take the balanced incomplete block design with the parameters 
